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Abstract

Elliptic partial differential operators have become an important class of operators
in modern differential geometry, due in part to the Atiyah-Singer index theorem,
which states that the index of an elliptic operator (defined in terms of the analytic
properties of the operator) is equal to its topological index (defined purely in
terms of topological data). In this paper, we give an introduction to the theory
of elliptic partial differential operators on manifolds, with the main focus being
to prove a generalised version of the Hodge-Decomposition theorem for elliptic
partial differential operators.
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1. Introduction

Elliptic partial differential operators have become an important class of operators
in modern differential geometry, due in part to the Atiyah-Singer index theorem,
which states that the index of an elliptic operator (defined in terms of the analytic
properties of the operator) is equal to its topological index (defined purely in
terms of topological data). In this paper, we give an introduction to the theory
of elliptic partial differential operators on manifolds, with the main focus being
to prove a generalised version of the Hodge-Decomposition theorem for elliptic
partial differential operators.

This paper is divided into five parts. We begin with a summary of the theory
that we need from differential geometry and functional analysis in[Section 2| Then
in we introduce elliptic partial differential operators on vector bundles.
We define the symbol of a partial differential operator, we define what it means
for an operator to be elliptic, and we prove the existence of the formal adjoint of
a partial differential operator. In we digress to pursue essentials of the
theory of pseudodifferential operators on complex-valued functions of several real
variables. The main result from this section is the existence of a parametrix for
an elliptic partial differential operator, which we use to prove various properties



of elliptic partial differential operators. In[Section 5| we globalise the results from
the previous section to vector bundles, and then prove a decomposition theorem
for elliptic partial differential operators, which states that the any section of a
bundle can be written uniquely as a sum of two sections, one in the image of
the operator, and the other in the kernel of its adjoint. From this we derive the
Hodge-Decomposition theorem as a corollary.

2. Background

Vector Bundles

Let M be a smooth manifold, and let K denote either R or C. For an integer
p > 0, a KP-vector bundle over M consists of a smooth manifold £ and a
surjective smooth submersion n: E — M such that for each x € M, the fibre
E. := n7'(x) has the structure of a p-dimensional vector space over K, and such
that for each x € E, there is a neighbourhood U of x as well as a diffeomorphism
E|y = n7'(U) — M x K? which preserves fibres and is a linear isomorphism on
each fibre. Such a diffeomorphism is called a local trivialisation; p is called the
rank of the vector bundle. Note that for each p, the manifold KZ/I =M xKPisa
[K?-vector bundle over M called the trivial K?-vector bundle over M. A section
of E is a smooth map u: M — E such that u, := u(x) € E, foreachx € M.

Given two vector bundles E and F over M, we can form their direct sum E & F
and tensor product E ® F, which are again vector bundles over M having fibres
(E®@F),=E,®F,and (E® F), = E, ® F,, respectively. For each nonnegative
integer k, we can form the k" symmetric power X¥(E) of E as well as its k"
exterior power A¥(E). These are again vector bundles over E, and they have
fibres (XX (E)), = Z*(E,) and (A*(E)), = AX(E,), respectively. We also denote
the conjugate vector bundle of E by E.

A fibre metric on E is a section of h of E* ® E* such that for each x € M, the
induced map A, : E, X Ex — K is an inner product. When K = R, we can view h
as a section of X2(E).

Riemannian Manifolds

Let M be a compact oriented manifold of dimension n endowed with a Riemannian
metric g (a fibre metric on the tangent bundle TM).



The metric g provides us with canonical bundle isomorphismsb: TM — T*M
and f := b~': T*M — TM called the musical isomorphisms defined by & =
gx(+, &) for ¢ € T)M. By declaring b to be an isometry on each fibre, this induces
a fibre metric on 7*M, which we also denote by g. In turn, this induces a fibre
metric on A¥(T*M), again denoted by g, given on irreducibles by

g1 N NEGO AN Ng) = det[ge (&, C7)]ij

The metric g allows us to define a canonical top form vol, on M, called the
Riemannian volume form, given in any positively-oriented local coordinate chart
x by y/detgdx| A -+ Adx,. If f e C®(M), we define the integral of f over M by

/Mf:'/vaolg.

A Banach space is a vector space X together with a norm ||-|| whose induced norm
topology is complete. Given Banach spaces X and Y, a linear operator 7: X — Y
is bounded if there is a positive constant C such that ||Tx|| < C||x|| for all x € X.
Recall that 7" is bounded if and only it is continuous, and that if 7" is bounded, its
operator norm is

IT|| = inf{C > 0 : ||Tx|| < C||x]|| for all x € X}

I7x|
= _— 0
S“p{ T

= sup{[|7x[| : [lx]| = 1}.

We denote the space of bounded linear operators from X to Y by 9(X,Y), which
we make it into a Banach space by equipping it with the operator norm. The dual
of X is the space X* := AB(X, K) consisting of all bounded linear functionals on
X.

Among the many kinds of operators studied in functional analysis, there are
two that will be especially important in our discussion in this paper; these are
the compact operators and the Fredholm operators. An operator 7 € %B(X,Y) is
compact if T maps bounded subsets of X to precompact subsets of Y. Equivalently,
T takes bounded sequences in X to sequences with convergent subsequences in Y.
In contrast, T is Fredholm if it is invertible modulo compact operators, which is
to say there are operators S € F(X,Y), K € B(X,X) and K’ € B(Y,Y) with K

Banach Spaces



and K’ compact such that
ST =idx—-K and TS =idy-K'.
Equivalently, 7" has closed image, finite-dimensional kernel and finite-dimensional

cokernel:

Proposition 2.1. A bounded linear operatorT: X — Y is Fredholm if and only if
kerT and cokerT :=Y /imT are finite-dimensional.

Proof. The proof of this fact requires some care. See for instance Theorem 5.1 in
[GGK90]. O

Finally, it will be useful to know the (Banach space) dual of a bounded linear
operator, as well as how the image and kernel of the operator are related to the
image and kernel of the dual. Given T € %B(X,Y), the dual of T is the operator
T* € B(Y*, X*) defined by T'a = @ o T. Given a subset S of X, the annihilator
of § is the subspace S° of X* defined by

S°={a e X" :a(x)=0forall x € S},
and given a subset S of X*, the preannihiliator of S is the subspace S, of X defined
by
So={xe X :a(x)=0forall a € S}.
We have the following:
Proposition 2.2. Let X and Y be Banach spaces.
(a) If A is a linear subspace of X, then (A°), = A.
(b) IfT € B(X,Y), thenkerT* = (imT)°, and hence (kerT"), = imT.

Proof. For the forward inclusionin (a), if x ¢ A then by the Hahn-Banach Theorem,
there is a linear functional @ € X* with @ = 0 on A and a(x) # 0, which is to say
x ¢ (A°).. For the reverse inclusion, assume x € A, and choose a net (x;) in A
converging to x. Then for any @ € A°, a(x) = limy a(x,) =0, s0x € (A°)..
Next, for the first part of (b), observe that @ € ker T"o aoT =0 a =
Oon im7T & a € (imT)°. The second part of (b) now follows immediately from
(a). |

Hilbert Spaces

A Hilbert space is an inner product space (H, (-, -)) whose induced norm topology
is complete. Every Hilbert space is a Banach space with its induced norm, so



all results in the previous section apply to Hilbert spaces as well. We need the
following two additional results specific to Hilbert spaces.

Proposition 2.3 (The Riesz Representation Theorem). Ler H be a Hilbert space.
The map H — H* sending y v (-, y) is a linear isomorphism.

Proof. That this map is linear follows immediately from linearity of (-,-) in its
first argument. Injectivity follows easily: if we are given y,z € H satisfying
(y)={(,z),then0 = (-,y —2),500 = (y —z,y — z) = |ly — z||*, and therefore
y=2z.

Next we prove surjectivity. Let @ € H*. Since « is continuous, ker a is closed,
so we may write H = kera @ (kera)*. If @ = 0, then a = (-, 0). Otherwise a # 0,
so we can find y € (ker @)* nonzero. By normalising if necessary, we may assume
that [|y[| = 1. Put z = @(y)y. Then ||z|| = |a(y)], and so a(z) = |a(y)* = ||zII*.
For any x € H,

(x,2) = <x - %z,z> + <a(x)z z> = <x - wz, z> +a(x).

[54/c. 1zl

Since z € (ker @)+, and since a(x — a(x)z/||z||?) = a(x) — a(x)a(z)/||z]|*> = 0, it
follows that (x — a(x)z/||z||%, z) = 0, and hence (x, z) = a(x) forall x € H. O

Corollary 2.4. Let T: H — K be a linear map of Hilbert spaces. There is a
unique linear map T*: K — H such that {Tx,y) = (x,T*y) for all x € H and
y € K. The map T* is called the adjoint of T.

Proof. Uniqueness follows by essentially the same argument as in the previous
proof. We now prove existence. First we do this for the case where K = H.
Given y € H, (T(-),y) € H*, so by the previous proposition, (T'(-),y) = (-, z,)
for a unique z, € H. Define T* by T*y = z, for each y. Then T* satisfies the
desired property (Tx,y) = (x,T*y) for all x, y € H. That T* is linear follows from
uniqueness of each z, and linearity of (-, -).

Now we prove the general case. Form the Hilbert space H & K equipped
with inner product (x ® y,x" ® y’) = (x,x”) + (y,y’), and consider the linear map
T": H® K — H @ K defined by S(x ® y) = 0 @ Tx. By our argument in the
preceding paragraph, there is a unique linear map S*: H ® K — H @ K with the
property that

Sxey),xXoy)=xoy, S oy))
for all x,x” € H and y, y’ € K. Note that
Sxdy),x®y)y=0Tx,x®y)=(Tx,y").



Ifny: H® K — H and g : H @ K — K are the natural projection maps, then

(x@y,S"X@®y)) = au(ST @ y)) + ¥, k(ST @ y)).
If we take x’ = 0 and y = 0, then

(Tx,y") = (x, 7 (S" (0 ® ")),
soy — my(S*(0 @ y")) is the adjoint of T. O

Multi-Indices

It is customary to index differential operators by so-called multi-indices, as they
provide a concise way to write down these operators. In the context of R”, or more

generally an n-dimensional manifold, a multi-index is an n-tuple @ = (a1, ..., @)
of non-negative integers. We define the order of a multi-index « to be the sum
|| = ay + - - - + @y, and we define its factorial to be the product a! = a;!--- @,

We also define the binomial coefficients

a a!
(,3) Bl(a - B)!

for multi-indices a and 3, as well as the multinomial coefficients

( @ ) B a!
,31,~-~’ﬁm ,Bl‘ﬁm‘
for multi-indices «, 1, ..., B,. We impose a partial order on multi-indices by
declaring B < « if and only if 8; < a; foreachi =1,...,n. Given x € R", we
put x* = x{'---x,". Analogously we define
alafl H¥1++an
6a = a)g = = a ay
Ox®  Ox|' - 0x,"
Note that
aya=f if g <
oPx = i hsa 2.1)
0 otherwise.

The Leibniz rule for the derivative of the product of two functions f,g: R" - R

can be stated as
(fg)=y. (Z)aﬂfa“-ﬁg.

BLa



More generally, if we have functions fi, ..., f,, then

O (fi+- fm) = ( ¢ )8B'f1---8ﬁmfm,
Bl'*"%m:a/ ﬁl’ R ’ﬁm

We also have Taylor’s Theorem: if f: R" — R is a smooth function, then

1
Pl = Y 20 eyt vk [ =0 ot i)y ds

le|<k lal=k

Finally, we introduce the following bit of non-standard notation: for a multi-index
a, we put

1 1%
a ,...,afl I = PR DAV / SN /
— S
) times a, times
so that
alel d 9
Ox® — gxa' gxelel’

3. Elliptic Partial Differential Operators

Partial Differential Operators

Let M be a smooth manifold of dimension n, and let £ and F be [K-vector bundles
over M of ranks p and ¢, respectively.

Definition. A linear map P: I'(E) — ['(F) is a partial differential operator of
order m, where m is a nonnegative integer, if each point of M has a neighbourhood
U over which is defined

(a) alocal coordinate system x: U — R”;

(b) local trivialisations E|y — U X K” and F|y — U x K for E and F with
induced local frames ey, ..., e, and fi,. .., f,, respectively; and

(c) smooth matrix valued functions A%: U — K9%*P for each || < m, with
A% # 0 for some a with |a| = m,

and such that with respect to this coordinate system and these trivialisations, if
uel'(E)isgivenon U by u = ) ; u; f;, then Pu = ) ; v; fi on U where

|a]
(vi(x),...,vq(x)) = Z A“(X)Z?(ul(x),...,up(x)). (3.1)

la|<m



Essentially, a partial differential operator is a linear map taking sections of E
to sections of F' that acts like an ordinary differential operator in coordinates. We
usually abuse notation by writing P = }|4|<,, A” 91?1/ 9x® rather than writing out
all of [(3.1)]

One might ask whether there is a nice coordinate-free definition of a partial
differential operator; for example, since the expressions A® ® 91%//9x® are local
sections of the bundle Hom(E, F) ® Z1/(TM), one could ask whether P can be
viewed as a global section of a direct sum of these bundles. The answer to this
question in general is no because the coefficients A* do not transform in the correct
way under changing local coordinates and local trivialisations. However, if we
look only at the terms with |a| = m, we do actually get a well-defined section of
the bundle Hom(E, F) @ 2™ (TM).

Proposition 3.1. The local expressions
ol
> ATe — (3.2)

determine a well-defined global section o (P) of the bundle Hom(E, F)@X™(TM).
o (P) is called the principal symbol of the operator P.

Proof. We must show that the expressions in|(3.2)|are unchanged when we change
local coordinates and local trivialisations. First change local trivialisations via
transition functions g: U — GL(p,K) and h: U — GL(gq,K) for E and F,
respectively. Then, by the Leibniz rule, P takes the form

N glel) . o olal
P:h(ZA@g :ZB%
la|<m la|<m
where each B is a ¢ X p matrix of smooth functions depending on the A%, i and
the derivatives of g~! up to order m. Notice the only order m derivatives that show
up in the above come from 8!*!/9x®g~! terms where |a| = m and 8'*!/9x® does

not differentiate g~! after applying the Leibniz rule. Therefore

BY = hA%™"  for |a| = m,

which is the correct transformation law to make [(3.2)] well-defined.

Next, we show the local expressions are unchanged when we change local
coordinates. Let y = y(x) be a change of local coordinates. For good measure, we
include here a derivation of the transformation law for going between the two local
frames {0 /0x“}|q|=m and {0"/0y®}|q|=m for 2™ (TM). By the transformation



law
9 = dy; d
DI b vt 63
Yo AT ori o))

o 9 o dyi, 0 9yi,, 0
ox® _8xa1 Oxgm 3 O0x,1 0y;, - Oxqm 0yi,

ayl] o e ayll 6m
L 0x,1 Oxp1 Oyiy -+ 0y,

Iyeensim

we have

as a section of 2™ (TM). What we want to do is to write the above sum in the
form X g, Capd™ /0yP. Notice that for a given multi-index 8 with |3| = m,
amoyP = " [dypg---Oypm = 0" [Dyi, -+~ dy;, if and only if iy,... iy is a
permutation of 8 Lo , 8. Therefore

Do) 3yo(ﬁm>
= . 3.4
Cap 0x 1 Oxgm 34
TESIH

Now let us see how the local representation for P changes. By|(3.3), P takes the

form
@ dyi
P=> A (Zaxl.ﬁ,l) :

la|<m

Wi 8 _ Ca@
(9xa,|a| ay,m al=m ay?

where each C® is a smooth function U — K%*” depending on the A® and the
x;-derivatives of the y; up to order m. By the Leibniz rule, the order m terms in
the above are exactly

6y~ 0 Vim om om
Z Z Aaaxll] _.-axlma : ...a ) = Z Z ca,ﬁa_ﬁ,
@ am 0Yi, Vim (o= |BI=m y
where the equality follows from essentially the same argument we used to prove

[(3.4)] Hence

CcP = Z copA”  for|a| =

|a|=m
By the above and @],
" om
B ¥
S e N S e ln- S ae
|B=m |Bl=m |a=m =



which proves((3.2)|is well-defined. O

Remark. Although the bundles Hom(E, F) ® 2™ (T M) do not lend themselves
to a coordinate-free definition of partial differential operators, there is a way to
define partial differential operators in a coordinate free way if the vector bundles E
is equipped with a connection V. Specifically, one can define a partial differential
operator of order m to be amap P: I'(E) — I'(F) of the form

m
P = Z A./ . V./
j=1

where A/ € I'(Hom(E, F)®(TM)®/) foreach j,V/: I'(E) — I'((T*M)® ®E) is
the induced connection for each j, and - is natural pairing of Hom(E, F) ® (TM)®/
with (T*M)®/ ® E (the Hom(E, F) component pairs with the E component, and
the (TM)®/ component pairs with the (T*M)®/ component). Viewed in this way,
it is easy to define the symbol of P: it is just o (P) = A™. Of course, now one has
to check that the symbol does not depend on the choice of connection, so this will
not circumvent the calculation in [Proposition 3.1|!

For our purposes, this alternative definition will just get in the way, and we will
not mention it again. Keep in mind, however, that partial differential operators
often come up in this alternative form in the literature.

Given vector spaces V and W as well as a covector @ € V*, the map

VxV" - W
W, Vi, vm) P wa(vy) ...a(vy)
is multilinear in w,vy,..., v, and symmetric in vy, ..., v,,, so it descends to a

map W x 2"(V) — W that sends w ® vi---v, to wo(vy)---a(v,). Conse-
quently, given a covector ¢ € T; M, we can evaluate o-(P) at ¢ to get a linear map
o¢(P): Ex — F,. Explicitly, with respect to local coordinates and trivialisations

as in[3.D)] if &€ = ), &idxily, then
ae(P)= ) A%(x)&"

|a|=m
where £ 1= £]" - £

Definition. A differential operator P: I'(E) — ['(F) is elliptic if foreachx € M
and each nonzero ¢ € T; M, the map o¢(P): Ex — F, is a linear isomorphism.

Note that for P to be elliptic, E and F must have the same rank. Another way
to look at the symbol is as follows. Via the projection 7: 7*M — M, the bundles

10



E and F on M pull back to bundles 7*E and n*F on T*M, so we may view the
symbol of P as a bundle map o (P): n*E — n*F. Thus, the operator P is elliptic
if and only if o (P) is an isomorphism away from the zero section. The principal
symbol behaves nicely when viewed as a map from partial differential operators
to bundle maps:
Proposition 3.2. Let P,P': I'(E) — I'(F) and Q: I'(F) — I'(L) be partial
differential operators, suppose P and P’ have the same order, and let t,t" € K.
Then

oc(tP+1t'P')=to(P)+to(P),
and

o(QoP)=0(Q)oc(P).
Proof. Let & € T*M, let m be the order of P and P’, and let m’ be the order of Q.
With respect to local trivialisation and local coordinates, write

pe S a P= N B 0= 3 O

la|<m la|<m |Bl<m’
The first identity follows easily, since
olel
'p! _ a rpay
tP+t'P = Z (tAY +1t'B )6xa’
|a|<m
implies
oe(tP+1t'P') = Z (tAY +1'BY)EY = toe(P) + 1 o (P').
|a|=m

For the second identity, observe that by the Leibniz rule,
alylAa ola+B-|

0r= 3 O S i) 5 2 (e

|Bl<m’ la|<m |Bl<m” |a|<sm y<p

The highest order terms in this sum correspond to those multi-indices a, 8 and y
with |8 = m’, |a| = m and y = 3, so the highest order terms are

ola+Bl

Z CPA” ppeeer

|Bl=m" |a|=m

11



Hence
ge(QoP)= Y > CPCE = 5y(Q) o o (P).
|Bl=n |a|=m
O

Example 3.3. Consider the exterior derivative d: Q(M) — Q*1(M) on k-
forms. If € Q*(M) is given in a coordinate chart x: U — R” by

n= Z nil...ikdx,-l VANREIIVAY dxik,
I1<--<ig

then
k+1

Miy...i
dn = Z Z 01 kdxj/\dxil/\---dxik

i1<-<ig j=1 X

N L/
= Z Z(—l)]_l%d’ch Ao Adxi,,
ij

(1< <ipe1 j=1

on U. Thus, if foreach j =0, ...,n, we let €y i (1<ip<---<ij <n)bethe
standard basis vectors for A/ (R) = [R(7) , then

n 0
d= Z €iii Z -1 j_leT i
IR (=1) iyedjiret Ox;
j=1 '

11 <--<i

on U, so d is a partial differential operator of first order (note each of the terms

.. T : n n . *
Ciripn € o s an (,4;) x (}) matrix). Moreover, for any £ € T;M and any

£ € ANTIM), if = 3, &dx;| and
é’: Z {il...ikdxil|x/\---/\dxik|x,

I1<-<ig

12



then

k+1
() ()= D e (1L
[1<-<lsl Jj=1 .
k+1 .

= Z Z(_1)]_1§ij§i1-~~{}~~~ikdxil ARRRIAN dxik+1
I1<-igs1 j=1

= Z ijg“il...,-kdxj A dxil AN dxik
i1<..ix j=1

=&AL

Thus d is highly nonelliptic: given any & € T; M nonzero, we can choose a basis
&1, .., & forT*M with &) = &, sothat o¢(d)({) =0where { ;=& A---ANE, # 0.

L? Spaces and Formal Adjoints

Now assume the manifold M is compact, and equip the vector bundle E with a
fibre metric (-, -)g. The fibre metric provides us with a natural inner product on
I'(E) defined by

<u’v>L2(E) = ‘/A/[<u’v>E’

called the L-inner product on E. We denote its corresponding norm by ||-|| L2(E)>
and we denote the completion of I"(E) with respect to this norm by L*>(E). Thus,
L?(E) is a Hilbert space.

Proposition 3.4. The equivalence class of the L>-norm on a compact manifold is
independent of the choice of fibre metric used to define it.

Proof. Let (-, ) be another fibre metric on E, and denote its corresponding

L*-norm by |- [ (E) We must show there are positive constants ¢ and C such that

c|full lull 2y < Cllull

’ S | ’

L*(E) L*(E)

for all u € I'(E). Choose a finite cover Uy, ..., Uy of M by open sets such
that for each ¢, U, is compact and contained in the domain of a coordinate chart
x¢: Ve — R" over which there is a local trivialisation ¢,: Ely, — V; X K. Also

choose a partition of unity yi, ..., yn subordinate to the cover Uy, ..., Uy.

13



Fix an index ¢, and consider the map
UrxS— R
(p.2) = o' (p.2)] )

where S := {z € K? : |z| = 1} is the unit sphere in K”. Since this map is smooth,
and since Uy X S is compact, it attains a minimum ¢, and a maximum C,. Note
that C, > ¢, > 0 since |<p;1(p,z)|Ep =0 = gagl(p,z) =0 = z=0. Since
¢;'(p.2) = Izle; ' (p.z/Iz]) for z # 0, we have ¢¢|z| < |¢;'(p.2)|E, < Celz| for
all p € Ug and z € K". By the same argument, there are constants C;, > ¢, > 0
such that ¢}|z| < Igofl(p,Z)IEp < Cjlz| for all p € Uy and z € K”. Hence for any
uel(E),

Cy
|u|E < lulg £ C_|u|E OnE|U[

C, ,

Now by definition

|u”L2(E) Z/X€|“|EV01gf and |”|| L2(E) Z/Xﬁ'ulEVOIg[,

so by our work above

C% 2 2 C(% 2
Zafﬂmw%ﬂ%mszj/m%mm
7 YU 7 ¢ Ju,

Thus, for ¢ = min{c{)/Cz) :f=1,...,Ntand C = max{Cg/c’g :f=1,...,N}, we
have cllull}, ., < lull 2y < Cllul] . 0

Now equip F with a fibre metric (-, -)r, so that I'(F) is equipped with an
L?-inner product (-, )2z
Proposition 3.5. Let P: I'(E) — I'(F) be a partial differential operator of order
m. There is a unique linear operator P*: I'(F) — I'(E) such that

<Pl/t, V>L2(F) = <l/l, P*V>L2(E) (35)
forallu € I'(E) and v € I'(F). Moreover, P* is an m" order partial differential
operator with symbol
o(P?) = (=D)"o(P)".

Consequently, P is elliptic if and only if P* is elliptic.
Proof. Uniqueness follows easily: if Q,Q": I'(F) — ['(E) are linear operators
such that (u, Ov);2g) = (Pu,v)2py) = (u, Q'v)2p) for all u € I'(E) and v €

14



I'(F), then 0 = (u, (Q — Q")v) 2 for all u and v, so by taking u = (Q — Q")v,
we get Q = Q’.

Next we prove existence. Choose a cover of M by local coordinate charts
xl: Uy = R"for € = 1, ..., N over each of which are defined orthonormal local
frames ef, e, ef; and ff, . ,qu for E and F, respectively. Let u € I'(E) and
v € I'(F) be arbitrary. On each Uy, write P = ¥ j4/<p A‘;@'“'/@x“, U=, ufef
andv =32; vf.ff. Also set ul = (uf, .. .,uf;) and v¢ = (v(f, .. .,vg). Then

(Pu,v)par) = Z<Pu X))

_Z'/U ( 0'lu [)ng volg,
Clal<m
=2 ), W= Dl )'“' (\/detgf(A”) xe7') voly,
£

detge jarzm

- Z g (uf)TP_Z‘,vvolg{,,
7 ¢

where the third line follows by integration by parts (there are no boundary terms
because x¢(U) = R"), and in the final line we have defined P;: I'(F) — I'(E) by

3 ) (Ve A7) (3.6)

etgf |a|<m

Note that the above makes sense as a global operator because the right-hand side
is supported in Uy. If we put P* = 3, P, then

(Pu,v)i2py = Z/U (uf)TP;vf volg, = Z(u,P?v)Lz(E) = (u, P*v)12(E)»
¢ YU ¢

which proves existence. Also, P* is clearly an m™ order partial differential operator.
Finally, we compute o (P*). By the Leibniz rule, the terms in|(3.6) taking m™"
order derivatives of v are exactly

olalyt
> (1" Vet ge(A9) xe e = xe(=1)" D (A e

la|=m lar|=m

5|0/| ¢

det g,

Hence

o(P) = ) 0 (P) = ) xe(=D)"o(P) = (-1)" o (P)"
4

¢
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This completes the proof. O

The operator P* in the preceding proposition is called the formal adjoint of
P. The word “formal” is here to emphasise that P* as an operator I'(F) — I'(E)
is not an actual adjoint of P, since I'(E) and I'(F) are not Hilbert spaces in
general. Of course, P and P* naturally extend to operators P: L>(E) — L*(F)
and P*: L>(F) — L*(E) where P* really is the Hilbert space adjoint of P. Also,
note that the identity extends to an identity

<PM,V>L2(F) = <u, P*V>L2(E)
valid for all u € L>(E) and v € L*(F).

Example 3.6. Endow M with a Riemannian metric g. Recall that g induces a
fibre metric on A(T*M), so we have an L?-inner product on Q(M) defined by

(w.) = /M g(w.).

Also recall, from that d is a first order partial differential operator.
In this example, we shall compute the formal adjoint of d with respect to this
L?-inner product.

There is a unique linear operator *: QX(M) — Q" K(M), called the Hodge
star operator, with the property that w A *n = g(w, 1) vol, for all w,n € QX (M).
With respect to any local orthonormal frame ey, ..., e, for T*M, = is given by

*(eil /\--'/\e,-k):iejl /\”'/\ejn—k

where i < -+ < i, j1 < ... < jn—k, {il,...,ik,jl,...,jn_k} = {1,...,71},
the plus sign is chosenif ¢;,,...,¢;,¢e;,...,ej , is positively oriented, and the
minus sign is chosen otherwise. It is straightforward to show that sx = (—1)"*%),

The main utility of the Hodge star operator, for us at least, is that it allows us
to rewrite the L?-inner product as follows: for w € Q%(M) and € QY (M),

Jyonsm ifk=¢

w, * = i
(W, Mr2am)) {() otherwise.

Observe that for w € QX1 (M) and n € QX(M),

)k—l

dwA=n) =dw ANsn+(-1)""wAdxn

=dw A s+ (=)o A (=1) KD r=k+D)

=dw Axn—wA*d*n

sewsd¥1)
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where we have defined d*: QK(M) — Q*~1(M) by
d* = (_1)(k—l)(n—k+1)+k — (—l)n(k+l)+l*d*. (37)
By the Stokes Theorem,

(dw, M2 my) = /M dw A 1 = /M w A xd*n =, d"N) 2 (A m))-
Now if w € Q¥(M) and n € QY(M) where € # k + 1, then
(dw, M 2aqmy) = W M) 204 my) = 0.

Hence d* is the formal adjoint of d on Q(M); it is called the coexterior derivative.

4. The Local Analysis

In this section, we develop the essentials of the theory of pseudodifferential oper-
ators. First working only with complex-valued functions of several real variables,
we introduce the Sobolev spaces and the uniform spaces, and prove a theorem
by Sobolev that says when a given Sobolev space can be embedded inside a uni-
form space. Then we introduce the pseudodifferential operators, which are natural
extensions of partial differential operators, and derive their basic algebraic prop-
erties. In particular, we show that pseudodifferential operators naturally extend to
bounded linear operators on certain Sobolev spaces. We introduce a notion of el-
lipticity for pseudodifferential operators, and show that elliptic pseudodifferential
have inverses, called parametrices, up to infinitely smoothing operators.

Now equipped with a theory of pseudodifferential operators, and working over
vector bundles over a manifold, we choose a good system of trivialisations for
our vector bundles and coordinate charts for our manifold so that we may extend
our theory to vector bundles by pasting together the local results using a partition
of unity. We prove that elliptic partial differential operators on vector bundles
are elliptic in the sense of pseudodifferential operators, and use this to construct
parametrices for them. This is the main result from this section. Finally, we use the
existence of a parametrix to prove various properties of elliptic partial differential
operators.

The Fourier Transform

We being by recalling the classical Fourier transform in the sense of Schwarz. We
will be working with smooth functions defined on R" and taking values in C? for
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some p. We denote by C*(CP?) the set of all smooth functions R"” — C”, and we
define the Schwartz space &(CP) to consist of all functions u € C*(C?) such that

sup |xﬁ3“u(x)| < o
xeR”

for all multi-indices @ and S. Intuitively, functions belonging to & tend to zero
rapidly near infinity. The Fourier transform of u € §(CP?) is the function i: R" —
C? defined by

i) = /n e >y (x) dx.

The following proposition is a list of the basic properties of the Fourier transform
that we will need. Note that it will be useful to define the derivative operators
D = i~191g® as well as the convolution of functions: the convolution of ¢ € §(C)
and u € §(CP) is the function ¢ * u € §(CP) defined by

pru) = [ ety dy.

We also write (u,v) = /R,, uv* for the L-inner product on .

Proposition 4.1.
(a) The Fourier transform defines a bijection §(CP) — & (CP) with inverse

i(x) = 2n)™" [ e™fu(¢) dé.
Rn
(b) D3u = £%0 and D2 = (—x)*u for all u € S(CP).
(c) pxu=¢@iand pu = 2r)™"¢ =i forall ¢ € §(C) and u € S(CP).
(d) (u,v) =i, v) forallu,v € S(CP) (Plancherel’s Formula).

Proof. See Lemma 7.1.3, Theorem 7.1.3 and Theorem 7.1.6 in [HorO3l]. Alterna-
tively, see Theorem 2 of Section 4.3 in [EvalO].

O
Sobolev Spaces and Uniform Spaces
For s € R, we define the Sobolev s-norm on & (C?) by
1/2
= ([ (e taceriae) @
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We denote by Lg(Cp ) the completion of &(CP) in this norm; thus Lg is a Banach
space. The main reason to introduce these spaces is the following:

Proposition 4.2. For an integer k > 0, the Sobolev k-norm is equivalent to the
norm u = (Xjq|<m /Rnlé?“ulz)l/z. Thus, a function u € C*(CP) has integrable
derivatives of orders up to k if and only if ||u||; < oco.

Proof. |Proposition 4.1kb) implies fRn|a%¢|2 = ./IR" |£%||u|?, so the result follows
by noting that c; (1 + |£[)%¢ < Z|a|5k|§0‘|2 < Ci(1 + |€])%k for some constants
¢k, Cr > 0. O

’

Proposition 4.3. For any real numbers s and s', if s > §’, then the natural

inclusion L>(CP) > L?,(Cp ) is an embedding.

Proof. If s > s, then (1 + |£))® < (1 + |£])%, and so |(4.1)| implies |jull; <
lluells- O

For an integer k > 0, we define C l’f(C” ) the set of all functions u: R" — CP
having bounded continuous derivatives up to order k. We turn it into a Banach
space by equipping it with the norm

lullex = >, suplo“ul. (4.2)
la|<k

We have the following theorem by Sobolev, which says that with a function u
with bounded Sobolev s-norm for large s must have some degree of degree of
smoothness.

Proposition 4.4 (Sobolev Embedding Theorem). For each integer k > 0 and
each real number s > k + n/2, there is a constant Cy s > 0 such that ||”||c,’; <

Crsllulls for all u € S(CP). Consequently, the natural inclusion L?(CP) —
C 1]; (CP) is an embedding for each such s and k.

Proof. The following proof is from Theorem 2.5 in [LM89]. Let u € &(C”), and
let @ be any multi-index. By |Propositi0n 4.1ka), u(x) = 2n)™" fIR" N (€) dé,
so D%u(x) = 2n)™" ./R” eNEEY(E) dE.

()] < o™ [ (1o de
1/2

12
<n( [ avirezag ([ aviepinera
= Ca/,s”u”s
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where the second line follows by Holder’s inequality, and where in the last line
we have defined C, s = (./R"(l + |£])21e1=25 g£)1/2 Note that Ca.s < oo because

2s — 2|a| > 2s — 2k > n. It follows that ||u||C11§ < (Zlal<k Cf,’s)l/2||u||s. O

Proposition 4.5 (Rellich Lemma). Ler {u/};?, be a bounded sequence of com-
pactly supported functions in L2(CP). Then forany s’ < s, {u¢} has a subsequence
that is Cauchy in the norm ||s|| and therefore converges in L>(CP).

Proof. See Theorem 2.6 in [LM89]. O

Pseudodifferential Operators

Pseudodifferential operators are a natural generalisation of partial differential op-
erators that arise when trying to find an approximate inverse to a partial differential
operator. For the purposes of this section, a partial differential operator of order
m will be a linear operator P(x, D): §(CP) — &(C?) of the form

P(x, D)u(x) = Z A% (x)D%u(x)
|a|<m
where A? is a smooth function R" — C9%” for each a, and A¥ # 0 for some «
with || = m. Given u € §(CP), using [Proposition 4.1, we may write u(x) =
(2m)™" [, €¥id(£) d€, so that by interchanging the order of differentiation and
Integration,

P Dyu(x) = 2 [ AT@DL(e)) de

la|<m

=@ [ px i) d¢ (4.3)

where P(x,€) = Xjq1<m AY(x)EY. Switching the order of differentiation and
integration here is allowed because i € &(C”). Replacing P(x,¢) in by a
more general function of (x, &) defines a pseudodifferential operator.

For m € R, a smooth function a: R" x R" — C9*P is called a symbol of order
m if for any two multi-indices @ and S, there is a constant C,, g > 0 such that

0808 a(x, )| < Cap(1+ €)™ forallx,& € R". (4.4)

We denote the set of all symbols of order m by §™ (C4*?), and we set S~ (C9*?) =
NierS™ (C?T*P) and S (CI*P) = U,,crS™(C?*P). Note that if a € §™(C9*P) and
b € §™(C™9), then ab € §"™(C™P) and agafa e §m-lel(caxry. Also, the
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function p in|(4.3)|is a symbol of order m provided each A“ is a bounded function
of x.

For the remainder of this section, we proceed largely as Hormander in [HorO7]],
and the proofs are much the same. The only difference is that we are working with
functions taking values in C?*P, while Hormander works with functions taking
values in C.

Proposition 4.6. If a € S (C9*P), then the formula

a(x,D)u(x) = (27r)_”/ e a(x, &)i(&) dé. 4.5)

Rn
defines a bounded linear map a(x,D): §(CP) — §(C9).

The operator a(x, D) in this proposition is called a pseudodifferential operator
of order m. We write Op S™(C?9*P) = {a(x, D) : a € S™(C9*P)} for the space of
pseudodifferential operators of order m.

Proof. By the Leibniz rule,

Dia(x, D)u(x) = (27)”" / n e"*'f(Z (g)f“‘ﬁa(x,f)Dfa(x,f) i(§) dé
pa

=0 ) (Z) / e (DYa(x. )6 Pa) de.

BLa

The integrands in the above are absolutely integrable because we can bound
|Dfa(x,§)| < Co(1+&))™ and |€27Ph(€)| < C,(1+€])™™"~! for some positive
constants C, and C,,. This justifies interchanging the order of integration and
differentiation and shows that a(x, D)u € §(C9). O

The following proposition provides a way to write a given symbol as a certain
kind of asymptotic sum.

Proposition4.7. Foreachnon-negative integer j, letm; € Randa; € S™/ (C?*P).
Assume mj — —oo as j — oo, and set m;{ = max;>; m;. Then there exists

a € S™(CP*P) such that supp a C Uj‘io supp a; and such that for every k
a- Z a; € S™Mic (CT<P).
Jj<k
The function a is unique modulo S~ (C?*P), and it has the same property relative
to any rearrangement of the formal series ), jaj. Wewrite a ~ > jaj.

21



Proof. Choose a cutoff function y: R" — [0, 1] in §(C) equal to 0 in a neigh-
bourhood of 1. Then the function (x, &) — y (&) lies in S°(C). We claim that for
every multi-index «, there is a constant C, > 0 such that

|02 (1= x(£8))| < Coa(1+[&])1".
For a = 0, this is trivial. If @ # 0O, then

|(9g(1 - x(g8))| = 8|a||(5a)()(8§)|
< Coell(1+ |s&]) !

|a|-1
_ 1-|a| 1+[&]
= Coe(1+1£]) (—1/8+ |
< Coe(1+ €)'

where the second lines follows because y (&) viewed as a function of (x, &) is an
element of S°(C) c S!(C). It follows that we can find a sequence & ; — 0 such
that

0807 (1 = x (1D (. )] < 277 (1+ gy

for all multi-indices @ and g with |a| + |B] < j. Define A;(x,&) = (1 -
x(gjl€l))a;(x,&). Since y has compact support, the sum a = 3; A; is locally
finite, so a € C*(C?*P). Given multi-indices @ and B as well as a non-negative
integer k, we can find an integer N large enough that N > |a| + |B| and that
my + 1 < m. Observe that

9ol (a(x,€) = D Aj(x,6))
J<N
whencea - 3, yA;j € $™(C9*P). Hence
a—Zaj =a- ZAj+ Z Aj+Z(Aj—aj) € §™i(CI*P)
Jj<k J<N k<j<N Jj<k
because X<y Aj € S"™(CPP) and 3 (A; — a;) € S (CTP). O

We are interested in how pseudodifferential operators behave under taking
formal adjoints and composition. Before we proceed, it will be instructive to do
this for partial differential operators first.

Example 4.8. Let P(x,D): §(CP) — &(CY) be a partial differential operator of

< T2 fgmH el < (1 gy,

j=N
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order m given by P(x, D) = 3 j4/<m A% (x)D®. By integration by parts,

(P(x,D)u,v) = Z A% (x)D®u(x)v(x)* dx

R™ |a<m

= [ ue Y oty

la|<m
= (u, P*(x,D)v)
where, by the Leibniz rule, P*(x, D) is given by

P*(x,D) = Z Z( )DﬁA“(x)*D“—ﬁ.

jal<m B<a
Thus
P*(x, &) = Z Z( )DﬁA“(x)*ga—ﬂ. (4.6)
ja<m B=<a

Now let Q(x,D): §(C?) — &(C") be a partial differential operator of order
m’ given by Q(x, D) = X 5<m BP(x)DA. Using the Leibniz rule, we compute

OP(x,D) = Z BP(x)DP
|Bl<m’

=> > Z( )Bﬁ(x)(DyA”(x))D“ﬁ'V.

|Bl<m’ |a|<sm y<p

Z A% (x)D®

la|<m

Thus
OP(x.&)= > > ) ( )Bﬂ (x)DYA® (). (4.7)
|Bl<m’ |a|<m B<y
We want to write the sum |(4.7)|in terms of P(x, &) and Q(x,&). We can get the
DY A%(x)&Y terms simply via
DIP(x,£)= ) DIA"(x)&". (4.8)
|a|<m

For the BA (x)&P~7 terms, we use the identity |(2.1)[to get

14
ly—!DEQ(x,f) = w; (ﬂ )Bﬁ ()€ (4.9)
v<h
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Multiplying |(4.8)| with [(4.9), summing over y and using|(4.7)| gives

el
OP(x.8) = ), —TDIP(x.£)DIQO(x.). (4.10)
!

Before we proceed with the case of pseudodifferential operators, we prove the
following technical result. If A is an n X n matrix with complex entries, we write
A(§) = A& - & = X Ajj&ié; for the quadratic form, and analogously we put
A(D)=AD-D =3, ;AijD;D;.

Lemma 4.9. If A is an n X n matrix of complex numbers all with non-positive real
parts, then the formula

A Pu(x) = 2m)™" / e e (€) de (4.11)
Rn

defines a linear map e*P): §(C) — S(C). Moreover, if |A| < 1 and if € is an
integer > n/2, then for every integer k > ¢, there is a constant Cy > 0 such that

APy (x) — Z %A(D)ju(x)

j<k '

< Ck||u||ci+2k 4.12)

whenever u € 8(C) and normugeax < 0. Moreover, if dist(x, suppu) > 1, then
b
the sum in the above vanishes, and we have the stronger bound

|leAPVu(x)| < ClAIF dist(x, supp u) ™ ||u crak. (4.13)
Proof. See Theorem 7.6.5 in Chapter 7 of [HorO3]]. O

Given a symbol a € §"(C%*P), by using the Fourier transform, we can write

a(x, D)u(x) = (27)™" / / ¢ a(x, E)uly) dydé.

If we introduce the auxiliary function

K(x,y) = 2n)™" / O (x, £) dé, (4.14)
Rn
called the kernel of a, then a(x, D) takes the form
e D) = [ K@) dy (4.15)
Rn

Note that K(x, y) is equal to (27)™"d(x, y — x) where a is the Fourier transform
of a in the £ variable, so using Fourier inversion (Proposition 4.1]), we obtain

a(x, &) = ./R" K(x,x —y)e ¢ dy. (4.16)
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This calculation tells us that we can define a pseudodifferential operator either by
a symbol or by a kernel.

Proposition 4.10. Let a € S™(C9*P), and set b(x,&) = eP~Péa*(x,£). Then
b(x,D) is the adjoint of a(x, D) with respect to the L*-inner product, b €
S™(CP*1), and b has the asymptotic expansion

N 1 . j % l|a| (07 a k
b(x,&) ~ ZO (D De)la’(x.€) = > —DED{a" (x.£) 4.17)
Jj= a
Notice the similarity between the expansion [(4.17)[ and the formula for the
formal adjoint of a partial differential operator in

Proof. This proof is adapted from Theorem 18.1.7 in [HorO7] to cover the case of
C7*P-valued functions.
By viewing a(x, D) as the integral operator|(4.15), the equation

{a(x,D)u,v) = {u,b(x,D)v)

is satisfied when b(x, D) has kernel K (y,x)T. Using ((4.16), we compute the
symbol of b(x, D):

b(x, &) = / K(x =y e dy
Rn
:(2”)_n/ / G~y ) dydn

= @™ / / e a(x—y £ —n) dydn.

Notice that the above is the convolution of the functions (x,&) — e ¢ and

—T .
(x,€) — a(x, &) . Since the Fourier transform of the function (x, &) +— (27) e
is the function (x, &) — e™¢, Fourier inversion gives

b(x,&) = ¢PPea(x, ) .

Now we prove the expansion|(4.17). Choose a smooth function y: R" — [0, 1]
such that y(¢) = 1 when |£| < 1/2 and y (&) = 0 when |£] > 1. For each integer
v > 0, set

aV(X’ f) = X(f/zv)a*(x’ ‘5)9 bV(-x’ f) = eli.DfaV(x’ f)
Then y € S"*(C) implies 6géfav € §™(C?*P), so for some constant C,g,

10£00a, (x,6)] < Cap(1+[E)" 1! < Cap(1+27)!"
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whenever (x, ¢) € suppa,. Hence implies
1. .
by(.6) = D 7 (Dx - Do) ay (3. €)

Jj<k

< Ck2|m|v

for some constant C. Given &, denote by u the smallest nonnegative integer such
that |£] < 2“*2. Then either 4 = 0 and |£] < 4 or u > 0 and 2#*! < |&] < 2++2,
In the latter case, observe that dist((x, &), suppa,) > |£]/2 = (1 + |£])/4, so by

[(@.13)]

1 .
by(.) = ), 51 (iDs - Do)ay(x.&) < CLI+ 1D @18)
<k’
for some constant C;. Set A,(x,&) = ay+1(x,§) — ay(x,€) and B, (x,¢) =
byi1(x, &) — by(x, &), so that

@ (5,6 =au(x,€) = Y Ay(x,8),  b(x6,€)=bu(x,€) = ) Bu(x,8). (4.19)

vZu vzu

Since a, € $"(C?*P), and since 2"~ < |£| < 2"*! in supp A,,, it follows that
0807 Ay (x,€)] < C 271D
for some constant C(’l 5 Since
B, (x,2°¢) = 'PxPel?" A (x, &),
[Cemma 2.9 gives

1 .
By(x,2°€) = ) 51 (iDs - De) Au(x.2°€)
<k’

< C[/{/Z(m—k)v

for some constant C ]’c’. Thus

< C]/C/2(m—k)v.

1 .
By(x.€) = ), 51(iDs D)l Av(x,)

<k’

If we take k > m and sum over v > u, we obtain

2,

V22U

(Bv(x, EDY %(li D) Ay(x, §))

Jj<k

< C]/(/ Z 2(m—k)v

VU

< C]/(,z(m_k)w—]

< CY(1+ghm* (4.20)
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for constants C;’ and C}”. By the triangle inequality,

b(3,6) = Y (1D Dea’ (1,8)

j<k’’

<

b(x,€) = by(x,€) = )| %(li D)l (@ (x,£) - aﬂ(x,f>>'

<k’

+

bu(x, €)= Y %(mg - Dg)faﬂ(x,a‘.

<k’
The middle term in the above is by |(4.19)| equal to the left-hand side of |(4.20)
Hence|(4.18)| and |(4.20)|together yield

b(5.6) = Y =D De)la(3,6)

<k’

< Cr(1+|g])lm=*

for a new constant Cy. This proves the expansion is valid. O
Proposition 4.11. Ifa € S"™ and b € S™, then
a(x,D)b(x,D) = c(x,D)
where ¢ € S is given by
b(x,€) = e Pra(x,m)b(y, €)ly=g,y=x

and has the asymptotic expansion

o0

1 .
b(x,€) ~ D 51Dy - Dy ale. b ()t
j=07"
el
=3 —D%a(x,&)DIb(x,£). (4.21)

!

Again notice the striking similarity between the expansion |(4.21)[ and the
corresponding formula for partial differential operators |(4.10)

Proof. The Fourier transform of b(y, D)u(y) = (2n)™" /[R" eVER(€) dé is

ne o [ b e deay,

SO

a(x, D)b(x, DYu(x) = (27)" ///R I o )by, £)aE) dEdyn.
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Hence

c(x,&) = // eI EM G (x, )b(y, €) dydn

= eli.Dfa(x’ n)b(y? f) |7]=$,y:x-
The argument in the preceding proposition applied to the function (x, y,&,n) +—
a(x,n)b(y, &) shows the expansion|(4.21)|is valid. O

Proposition 4.12. Let a € S™(CP*P). Suppose there are positive constants ¢ and
C such that for all x, ¢ € R™ with |£| > ¢, the matrix inverse of a(x, £) exists and
satisfies the bound
ja(x, &)~ < C(1+[&) ™.

Then there exists a symbol b € ST (CP*P) unique up to S~ (CP*P) such that

a(x,D)b(x,D) —id € Op S~ (CP*P), (4.22)

b(x,D)a(x,D) —id € Op S~ (CP*P). (4.23)
Proof. Choose a smooth function y: R"” — [0, 1] such that y(¢) = 0 for |£] < ¢
and y (&) = 1 for |£] > ¢ + 1, and set b(x, &) = y(&)a(x, &)L, It suffices to show
that for every pair of multi-indices @ and f, there is a constant C,g such that

|02 0Fa(x, &)™) < Cap(1+ €)™ (4.24)

whenever |£| > c¢. First we prove this for @ = 0 by inducting on 8. The base
case 8 = 0 holds true by assumption. Now let 8 be any nonzero multi-index and
assume the result holds for all multi-indices of order < |3|. By differentiating both

sides of aa~! = id with respect to Xj, we get 6a‘1/<9xj = —a‘l(aa/axj)a‘l, SO
with the Leibniz rule, we obtain
afa_l = Z cﬁ/ﬁuﬁ///(ﬁf a_l)((')f a)((')xﬁ a_l).
ﬁ’+ﬂ1/+ﬁ/11=ﬁ
B#0

By the induction hypothesis, there are positive constants Cg and Cg such that
107 a7 < Cp(1+ €)™ and |85 a™!| < Cpr (1 + |£])™™ whenever |£| > c. In
addition, because a € §™(CP*?), there is a constant Cg» > 0 such that |0f "al <
Cp(1+|&€])™. Hence

|axﬁa_1| = Z Cﬂ/ﬁ//ﬁ///CﬁrCﬁ//Cﬂ/u(l =+ |§|)_m+m_m
ﬁ/+ﬁ//+ﬂ///:ﬁ
B#0
=Cp(L+[E)™
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for some constant Cg. Now we prove in general by inducting on |@| with
B fixed. The base case @ = 0 is what we just proved. Let @ be any nonzero
multi-index, and assume the result holds for multi-indices with order < |a|. By
differentiating both sides of a(x, &)a(x, &)~! = id with respect to & j, we obtain

da~! 1 0a _,;
=—-a —a ,
0 0¢&;
so by the Leibniz rule, for any multi-indices @ and 8 with @ # 0, we have
B -1 _ s ’ B’ -1 ’” B” 1" B’// -1
ggalat = > cpal (0 o a7')(0f o a) (9" a)
o’ +a" +a'" =a
BI+BI’+B///:E
a”’#0

a/al/a//l
ﬁ/ﬁ//ﬁ//, ,
constants Cy g and Cymg such that |6g af a’l| < Cop (1 + |£])~ 1’ and
|8)‘C’Wﬁma—1| < Camﬁm(l+|§|)""‘|“"'| whenever [£] > C. Because a € §"(CP*P),
there is a constant Cg» > 0 such that |Gf al < Cgr(1+ |£))~1¢"] Thus

|6§ ax a 1|
< c ‘o L o " ”/(1 | |)—m—|a’|+m—|0ﬂ,| |
BB 3" Ca ﬁ Ca ﬁ C(l ﬁ é

o' +a"+o'" =a

ﬁ/+ﬁ//+ﬁ/’/=ﬁ
a”’#0

= Cop(1+]£)™ 1
for some constant Copg. This proves b € S™"(CP*P).

With that out of the way, it now follows from the expansion in|Proposition 4.1 1|
that

for integral constants ¢ > (. By the induction hypothesis, there are positive

///I

a(x,D)b(x,D)=1id —r(x,D)

for some r € S~1(CP*P). We want to invert id — r(x, D) by a Neumann series, so
we set

b(x,D)r(x,D)* = by(x,D), by € ST"K(CP*P)

in [Proposition 4.11} Using [Proposition 4.7, we can find ¢ € S~ (CP*P) with the
expansion ¢ ~ Zj‘io b;. Observe that for any integer k > 0,

a(x,D) Y by(x,D) = > a(x,D)b(x, D)r(x, D) = > (id - r(x, D))r(x, D)’
j<k j<k j<k
=id - r(x, D)k,
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and hence

a(x, D)c(x, D) —id = a(x, D)(c(x, D) - Z bi(x, D)) —r(x, D)
j<k

is an element of Op S~X(CP*P). This proves a(x, D)c(x, D)—id € Op §~®(CP*P).
Uniqueness follows because if b and ¢ are elements of S~ (CP*P) such that

a(x,D)b(x,D) —id and a(x, D)c(x, D) — id both lie in S~ (CP*?), then

c(x,D) - b(x,D)
=c(x,D)(id —a(x,D)b(x,D)) + (c(x,D)a(x, D) —id)b(x, D)

is an element of S~ (CP*P). O

Proposition 4.13. If a € S (C?*P) has compact x-support, then a(x, D) extends
to a bounded linear operator a(x, D): L2(CP) — L2_, (C9) for every s € R.

Proof. See Proposition 3.2 in [LMS89]]. O

This concludes the basic theory of pseudodifferential operators. In the next
section, we show how to extend this theory to vector bundles. In order to do so, we
need one more technical result, which is the following proposition. For a subset
A of R" and a real number £ > 0, we define A, = {x € R" : dist(x, A) < &}. We
say a symbol a € S®(C9*P) is g-local if for any compactly supported function
u € C*(CP), we have

suppa(x, D)u C (suppu)..

Note that the total symbol of a partial differential operator is always 0-local and
that the composition of an &-local symbol with an &’-symbol in the sense of
IProposition 4.11]is (& + &’)-local.

Proposition 4.14. Let a € S"(C?*P). For any € > 0, there is an &-local symbol
ag € S™(CI*P) such that a — ag € S~ (CI*P).

Proof. Choose a smooth function b, € S°(C) such that b = 1 on a neighbourhood
of the diagonal x = ¢ and such that b(x,&) = 0 whenever |x — | > &. Then
the symbol a, € S§™(C?*P) given by a.(x,D) = b.(x,D)a(x,D) is &-local.
Moreover, by [Proposition 4.11] both a and a, have the expansion hence
a—ag € ST®(CT*P), O
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5. The Global Analysis

We are now in a position to globalise our results from the previous section to vector
bundles. Let (M, g) be a compact n-dimensional Riemannian manifold, and let £
and F be vector bundles over M of ranks p and g, respectively. Choose a cover for
M by closed coordinate balls y,: U, — B" for £ = 1,..., N over each of which
E and F have trivialisations ¢: E|g, — U x KP and ¢ : Elg, — Uy x K4,
respectively. Moreover, choose coordinate charts and trivialisations in such a way
that the balls B, := {x € U : |ye(x)| < 1/V2} of radius 1/V2 cover M, and such
that {x € Uy : |y¢(x)| < 2/V5} C Uy for each £. Choose a partition of unity
X1, - - . ¥~ subordinate to the cover By, ..., By. For each ¢, put

X¢ Zzii Ug—>|Rn,

V1= |yel?
so that x,(Uy) = R" and x/(B;) = B". In addition, assume that xgl(Z[B”) c Uy.
Then, given u € I'(E), we may write u = ), ycu, and we can view each y,u as a
smooth function R" — C” supported in B”. A cover chosen in this way we will
call a good presentation.
For a nonnegative integer k, we define the uniform C*-norm on C*(E) by

N
lullex = ) lluellex,
=1

where ||ug||c§ is defined by |(4.2)| (note that this makes sense because each u, has

compact support). Equipped with this norm, CX¥(E) is a Banach space. For s € R,
we define the Sobolev s-norm on I'(E) by

N
lally = > llueelly
=1

where ||u¢||s is defined by |(4.1). We denote the completion of I"(E) with respect
to this norm by L2(E).

Proposition 5.1. The L>-norm ||-|| and the Sobolev 0-norm ||-||o are equivalent.

Proof. Given sections of u and v of E, define
(V) = ) (ug,ve)
¢

where (ug, ve) is defined via the trivialisation E|y, = Uy X K?. This defines a
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metric on E, so by [Proposition 3.4} the induced L?-norm

1/2
lull” = (annz)
4

is equivalent to the L?-norm ||-|| determined by (-, -)g. The above norm is clearly
equivalent to the Sobolev 0-norm. O

Our first two global results are the following, which are immediate conse-
quences of [Propositions 4.3| and given how we have defined the Sobolev
norms.

Proposition 5.2. For any real numbers s and s', if s > s’, then the natural

inclusion L?(E ) — Lf, (E) is an embedding.

Proposition 5.3 (Sobolev Embedding Theorem). For any non-negative integer
k and any real number s > k + n/2, the natural inclusion L>(E) — CK(E) is an
embedding.

We are now in a position to extend pseudodifferential operators to vector
bundles. We begin with the following motivating construction. Consider any
coordinate chart x: U — R of M over which the bundles E and F trivialise,
say eq,...,ep and fi,..., f, are local frames for E and F over U, respectively.
Given a symbol a € §"(IK?*P), we can construct an operator A: I'(E) — I'(F|y)
as follows: if u = )}; u;e; on U, then we put Au = Zj v;f; where vy,...,v, are
defined by

(V1(x), ..., vg(x)) = 2m) " /R ) e Ca(x, &) (@1 (&),....0,(8) dé. (5.1)

If the functions vy, ..., v, are supported in U for each u € I'(E), then the above
defines a global operator I'(E) — I'(F) simply by setting Au = 0 outside E|y.
For example, if y € C*(M) is a smooth function supported in U, then for any
u € I'(E), yAu and A(yu) are both supported in U, and hence define global
operators yA and Ay from I'(E) to I'(F).

Definition. A linear operator A: I'(E) — I'(F) is a pseudodifferential operator
of order m if it can be written as a finite sum A = },, A, of linear operators
Ay: T'(E) — I'(F) in the form [(5.1)] If m < 0, then A is a smoothing operator
of order m. If A is a smoothing operator of order m for every m < 0, then it is an
infinitely smoothing operator.

Note that any partial differential operator P: I'(E) — I'(F) of order m is
automatically a pseudodifferential operator of order m. Our first result about
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pseudodifferential operators is the following, which is a direct consequence of
[Proposition 4.13|and the above definition.

Proposition 5.4. Let P: I'(E) — I'(F) be a pseudodifferential operator of order
m. For each s € R, P extends to a bounded linear map L>(E) — L2_, (F).

We now come to our first main result: the existence of a parametrix for an
elliptic partial differential operator between vector bundles.

Theorem 5.5. Let P: I'(E) — I'(F) be an elliptic differential operator of order
m. There is a pseudodifferential operator A: I'(F) — I'(E) of order —m, unique
up to infinitely smoothing operators, such that

PA=id - &, AP =id - S.
for some infinitely smoothing operators S: I'(E) — I'(E)and S": I'(F) — I'(F).

Proof. With respect to our good presentation, write P = >, |< A‘;B'“' /0x® on
Ug for each €. By |((4.3)| P is given on U by P(Y, uie!) =3 ; vjff where

(vi(x),...,vq(x)) = (2m)™" /Rn e Epe(x, E)(A1(€), . .., 0y (8)) dé

and pe(x,€) = 2joj<m Ay (X)€Y, Because Uy is precompact, p¢ is bounded in
the x-variable, and therefore p, is actually a symbol of order m. We show each
pe satisfies the conditions of [Proposition 4.12| Since P is elliptic, the matrix
qe(x, &) = Xjaj=m A7 (X)€7 is invertible for every & # 0. If we define r¢ = pr — gy,
then p; = g¢(id+q;'r7). We intend to invert id+q;'r by the Neumann series.
Notice that for all x,& € R" and 2 > 0, we have g;(x, &) = A" qe(x,&). Using
this and the identity nggl = id, we obtain g¢(x, &)™ = 17" g (x, &)~ L. Thus for
any & # 0,

190, )71 = 1617 qe(x, €/1€]) < CleI™

where

C= max |qu(x,&)7'[<  max  |qe(xe(x),€)] < oo
(x,&)eRnxSn-1 (x,&)eU,xSn-1

because U, x S""! is compact. On the other hand, obviously there is a constant
C’ > 0 such that |r(x,&)| < C'lE|™!. Thus [(p;'r)(x,&)| < CC'l¢|7" < 1if
|€] > 1/CC’, so the Neumann series

(id+9:(6,6) 7 re(6, €))7 = D (=qe(x, &) re(x, €))
=0
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converges for |£| > 1/CC’. It follows that
pe(x,&)7" = (id+qe(x, €)' re(x,€)qe(x, &)

exists for |£| > 1/CC’. From an argument similar to the one we used to obtain the
constant C’, it follows that
144

1 1 -m
pe(x. )71 < 1= l/CC’qu( &) < m(l +1¢1)

for some constant C” > 0. Thus by [Proposition 4.12] we can find symbols
ag € ST"(CP*P) and sy, 57, € S™*(CP*P) such that

pe(x, D)ae(x, D) = id —s;(x, D), ag(x,D)p¢(x,D) =id —s¢(x, D).

Since p¢c and cpy are infinitely smoothing symbols whenever ¢ € $™ is an
infinitely smoothing symbol, we may, using [Proposition 4.14] replace g, by a 1-
local symbol with the above two equations holding true but for potentially different
infinitely smoothing symbols s¢ and ;. The above two equations then imply that
s¢ and 57, must also be 1-local. Let A¢, S¢ and S, be the operators corresponding
to a¢, s¢ and s, as defined by 1-locality guarantees that these operators map
into I'(F). By construction, they satisfy the identities

PA; =1d =Sy, AP =1d -S;.

Set
A= ZXfAf, A= Z Aexe
¢ 7
S=> xS, =) S
7 7
Then
PA'u = Z PA;(xeu) = Z)(gu - Z Sy (xeu) =u—S'u
7 7 7
and

APu = Z)(gAgPu = Z)(gu - Z)(gS} =u-Su,
£ € l

so PA’ =id-§" and AP = id —S. These two relations imply APA” = A’ — SA’ =
A — AS’, and hence A — A’ = AS” — SA’ is an infinitely smoothing operator. It
follows that both A and A” have the desired property. O

Corollary 5.6. Let P: I'(E) — I'(F) be an elliptic partial differential operator
of order m. The following hold:
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(a) Forany s € R and any u € L2(E), if Pu is smooth, then u is smooth.

(b) For each s € R, P extends to a Fredholm map P : L?(E) — L?_m (E) with
kernel ker P = ker P|r(g).

Proof. This argument is adapted from the proof to Theorem 5.2 in [LM&9]. Choose
0, S and S’ for P as in[Theorem 5.5/ By |Proposition 5.4, P, Q, S and S’ extend to
bounded linear operators

P: L2(E) - L2, (F),  Q: L%, (F)— LX(E),
S: L2(E) — LX(E), S L2, (F) — L2, (F)

satisfying
PO=id-S, QP=id-S.
For (a), if u € L%(E) and Pu is smooth, then
u=QPu+Su.

Since §’ is infinitely smoothing, S’u is smooth, and since Pu is smooth, Q Pu is
smooth. Thus u is smooth. For (b), it suffices to show the operators S and S’ are
compact. This follows by the Rellich Lemma (Proposition 4.5) because S and S’
only operate on functions with compact support. O

Theorem 5.7 (The Elliptic Decomposition Theorem). Let M be a compact
oriented Riemannian manifold, let E and F be vector bundles over M, and let
P: I'(E) — I'(F) be an elliptic partial differential operator. There is an L*-
orthogonal direct sum decomposition:

['(F) =im P & ker P*.
Proof. This proof borrows arguments from Theorem 5.5 in Chapter III of [LM89]
and from Theorem 3.7 in [MarO2]. The operator P and its formal adjoint P*
naturally extend to Fredholm operators P: L2 (E) — L?*(F) and P*: L*(F) —
L?,(E). Hence, with respect to the L-inner product (-, -) 12(F)» We have the
following orthogonal direct sum decomposition:
L*(F) = (ker P*)* & ker P*.
We show
(ker P*)* = (ker P), = P(L3,(E)) = P(Ly, (E)),

where PT: L?(F)* — L2 (E)* is the Banach space dual of P. The second equality
is just|Proposition 2.2(a)| and the third equality holds because P is Fredholm. Let
us prove the first equality. Note that u € (ker PT), if and only if a(u) = 0 for all
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@ € L?>(F) withaoP = 0. By the Riesz Representation Theorem (Proposition 2.3)),
this is equivalent to {u, v);2(p) = O forall v € L?(F) such that 0 = (P(-), Vi) =
(s P*v}12(g)- Thus the equality amounts to showing (-, P*v);2(g) = 0 if and only if
P*v = 0. The reverse direction is obvious. For the forward direction, observe that
(s P*v)12(g) = 0 implies ||P*||12(gy = 0, and, since L% (E) — L(Z)(E) =~ L*(E)
(Propositions 5.1]and [5.2)), it follows that P*v = 0.

We have shown

L*(F) = P(L% (E)) ® ker P*.
After intersecting both sides of the above with I'(F), we get
['(F)=(P(L2(E)) NI (F)) & (ker P* N I'(F)) = P(I'(E)) & ker P*,

where we have used the fact P(L2,(E)) N I'(F) = P(I"(E)), which follows from
Corollary 5.6(a), and the fact that ker P* C I'(F) from [Corollary 5.6(b). This
O

completes the proof.

Corollary 5.8. Let M be a compact manifold, let E, F and L be vector bundles
over M, and let P: I'(E) — I'(F) and Q: I'(F) — I'(L) be partial differential
operators. If for each x € M and each nonzero ¢ € T; M, the sequence

(P) (Q)
E, S R L

is exact, then PP*+Q*Q: I'(E) — I'(E) is an elliptic partial differential operator,
and we have the following L*-orthogonal decomposition:

I'(E) = (ker P Nker Q%) @ im(PP* + Q*Q).
Proof. That the operator PP* + Q*(Q is elliptic follows from the identity
o(PP"+070) = (P)o(P)" +0(Q)"c(0)

as well as the following elementary linear algebra result, which we prove:

Let U,V and W be finite-dimensional inner product spaces, and let
T:U —>VandS:V — W be linear maps with adjoints T* and S*. If
the sequence

vLviw
is exact, then TT* + S*S: V — V is invertible.

Assume the sequence above is exact. It suffices to show R := TT*+S5*S is injective,
so let v € V be arbitrary, and assume Rv = 0. Then 0 = (Rv,v) = [T*v|* + [Sv|?,
which implies 7*v = 0 and Sv = 0. By exactness, v = Tu for some u € U, and
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thus [v|? = (Tu,v) = (u, T*v) =0,s0v = 0. O

In and we saw that the exterior derivative d: Q(M) is a

first order partial differential operator, and we computed its formal adjoint d*
with respect to L?-norm on A(7*M) induced by the metric g. The operator
A = dd* +d*d is called the Hodge-Laplacian; it sends k-forms to k-forms for each
k. When M = R" and k = 0, then Q°(M) = C*(R") and A: C®(R") — C®(R")
is (the negative of) the ordinary Laplacian operator on functions of several real
variables: A = — 3", 82/8)([2. A form w € Q(M) is harmonic if Aw = 0; we
define

H* (M) =ker(A: QX(M) — QX(M))
and

(M) =ker(A: QM) — Q(M))

to be the spaces of harmonic k-forms and harmonic forms, respectively.

Corollary 5.9 (The Hodge Decomposition Theorem). Let M be a compact
manifold. There is the following L*-orthogonal direct sum decomposition.:

QM) =ANQM)) I (M).
Proof. In |Corollary 5.8] take E = F = A(T*M), P = d and Q = d*. Then
A = PP* + Q*(Q, so all we need to show is show the sequence

. oz (d) . o¢(d) .
AT M) — A(T M) —— A(T;M) (5.2)

is exact for each nonzero ¢ € T; M and x € M.
Let & € T; M be nonzero. If { € A(T; M), then

oe(d)(oe(d)({) =ENENE=0.
Conversely, let £ € AK=1(T*M), and assume o:(d)({) = é N =0. Choose a
basis &1, ..., &y for TyM with &) = &, and write

{ = Z {il-“ikgil AR gik
1<ii<-<ig<n
for real numbers {j,...;,. Because & A &1 =0,

ENE= D G NELAAE,

I<i|<--<ig<n
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0 {j,..i, =0 whenever 1 <ij <--- <. It follows that

{=¢N Z C1iy-inin N Ei )

1<ip<-<ix<n

and hence the sequence is exact. m|
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